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1 Introduction 



Let P* = be the t-dimensional projective space over SpecZ, P(iy) C a 

projective subspace of codimension q, and X e Ze//(P^) an effective cycle. We say 
that X is reguar with respect to P(iy) if the irreducible components of codimension 
< t ~ q intersect P(iy) properly, and the irreducible components of codimension 
>t — q do not meet P(W^). For regular cycles the algebraic distance 

D{Y,P{W)) e R 

is defined in |Malj . section 4.1. Further for p + g < t + 1, and effective cycles X, Y 
of pure codimensions p, q that intersect properly, the algebraic distance 

D{X,Y) e R 

is defined in |Malj . Definition 4.1. For x,y points in P*(C) denote by \x,y\ their 
Fubini-Study distance, i. e. sin(x,?/). The logarithm of the distance is a nonpositive 
number. 

There are the following Theorems for the algebraic distance. 

1.1 Theorem For properly intersecting cyles X,y E Ze//(P^) with base exten- 
sions X,Y to <C the equality 

D{Y, Z) = hiy.Z) - deg Zhiy) - deg Yh{Z) - at log 2 deg Y deg Z 

holds. 

Proof [M^ . Scholie 4.3. 

1.2 Theorem With the previous Definition, let X, y be effective cycles intersecting 
properly, and 9 a point in P^(C) \ {supp{Xc U Ic))- 

1. There are effectively computable constants c,c' only depending on t and the 
codimenion of X such that 

deg(X)log|^,X(C)| < D(0,X) + cdegX < log |^, X(C)| + c' degX, 

2. If X = div{f) is an effective cycle of codimension one, 

h{X) < log |/d|l2 + Dcxt, and 
D{e, X) + h{X) = log + Da^_,, 

where the cr^'s are certain constants, and |(/|6')| is taken to be the norm of 
the evaluation of f E Sym^{E) = T(P^ , 0(D)) at a vector of length one 
representing 9. 
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3. For p + q < + 1, assume that X , and y have pure codimension p, and q 
respectively. There exists an effectively computable positive constant d, only 
depending on t, and a map 

fx,Y ■■ I degX X degF 

from the unit interval I to the set of natural numbers less or equal degX 
times the set of natural numers less or equal degF such that fxyif^) = 
(0, 0), = (degX, degy), and the maps pri o fx^ : / — > degX,pr2 o 
fx,Y '■ I —>■ deg Y are monotonously increasing, and surjective, fullfilling: For 
every T E I, and (z/, k) = fx^viT), the inequality 

UK log \e,x + Y\ + D{e, x.Y) + h{x.y) < 

KD{e,X) + uD{e,Y) + degY h{X) + deg Xh{y) + d deg X degY 

holds. 

4. In the situation of 3, if further \6,X + Y\ = \6,X\, then 

D{e, X.Y) + h{X.y) < D{e, Y) + deg Yh{X) + deg Xh{y) + d' deg X deg Y 
with d' a constant only depending on N. 



Proof [ MaT] Theorem 2.2. 

Let now P(W^) C P*(C) be a subspace of dimension q, and a real differential 
operator on the Grassmannian Gt+i-g.t+i of t + 1 — g-dimensional subspaces of C*"*"^ 
with respect to some affine chart, where I = {ii, ■ ■ ■ ,i2q(t+i-q) is a multiindex of 
order |/| = ii + ■ ■ ■ + ^2g(t+i-g)- (More details will be given later on). Defines the 
derivated algebraic distance of order S" of X to P(H^) as 

D^{Y,P{W))) := sup \og\d\expD{X,P{W)))\. 
There are the following Theorems for this derivated algebraic distance. 



1.3 Theorem For s, D G N, and f G r(P*, 0(D)) let F be the polynomial of degree 
at most D in t variables that corresponds to f with respect to affine coordinates of 
P* centered at 9. Then, with some positive constant c only depending on t. 



D^{divf,e) < sup log 

s<S\J\=s 



n . 



/ (0) 



+ c{s + D)\og{SD). 
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in the following Theorems the O-notation always signifies that the respective in- 
equalities hold modulo a fixed contant only depending on t and codimnstions of 
cylces times the term inside the 0-bracket. 

1.4 Theorem Let Z be an effective cycle of pure codimension p in P*, and 9 a 
point not contained in the support of Z, and let\-,-\ denote the Fuhini-Study distance 
in P*. 

There is a projective suhspace P(F) C P^ of codimension t — p intersecting Z 
properly such that with Zi, . . . ,Zdegz the points in the intersection P{F).Z counted 
with multiplicity, \zi,9\ < • • • < \zdegz,9\, and for S < degZ/3 the equalities 

degZ 

D'{Z,9)= J2 ^og\zi,9\+OiSlogdegZ), 

i=S+l 

degZ 

2 J2 log 9\ < D^^Z, 9) + 0((deg Z + S) \og{S deg Z)) 

i=S+l 

hold. 



1.5 Corollary The derivated algebraic distance is a negative number modulo 
0{{degZ + S) \og{SdegZ)). 

Next, for n G N denote n the set of natural numbers less or equal n including 0, 
and for Zq, Zi effective cyles, let / = (/o, /i) : degZo + degZi degZg x degZi 
be a a path from (1,1) to (deg Zq, deg Zi) such that in each step exactly one of the 
coordinates increases. If in the kth step the coordinate i increases, set ik = i- 

1.6 Theorem For any effective cycles Zo,Zi e Ze//(P*) that intersect properly, 
and 9 e Pj-. a point not contained in the support of Zq.Zi, there is a path f such 
that 

n 

2D{Zo,Zi)+2D{Zo.zi,9) < J] ^^'^('^(Z,,, ^) + 

k=l 

0((degZo deg Zi + S) log(5deg Zq deg Z,)). 

1.7 CorollEiry With any I < degZo + degZi, and (i^o, J^i) = f{l), 

2D{Zo,Zi) + 2D{Zo.Zi,9) < 
uoD^'''(Z,,9) + uiD^''°(Zo,9) + 0((degZodegZ, + S)\og(SdegZodegZ^)). 
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This immediately implies 

1.8 Corollary For every S < degZi/3, 

2D{Zo,Zi) +2D{Zo.Zi,e) < max{SD{Zo,e), D^^-\Zi,e)) + 0{degX degY). 

1.9 Theorem For any S < degXdegF/Q, there are natural numbers pq^^i with 
^0^1 < S , and a path f such that and a function hs : deg Zq + deg Zi — >• N with 
hs{k) = for k > ko such that 

1. 

n 

2D{X,Y) + 2D^{X.Y,0) < ^ D3{/,,{fc)-hs{fc))(^^^^ 

k=l 

2. For any k < degZo + degZi greater or equal ko, and (z/q, i^i) = f{k), 

2(z7o - i^o)ii^i - i^i) log \Zo + Z,, e\ + 2D^(Zo.Zi, 9) + D{Zo, Z,) < 

{Po - uo)D''^'{Zi,e) + (z/i - ui)D'"^^\Z^,e) + 
0((deg Zo deg + S) \og{S deg Z^ deg Z,)). 

1.10 Corollary For any S < deg deg Zi/O, there are numbers vqVi with vqVi < 
S such that for any I < degZo + degZi greater or equal ko with (z/q, ^i) = /(O? 

2D{Zo,Z,) + 2D''{Zo.Z^,e) < 

(z7i-z/i)D3^«(Zo, e) + iu-uo)D^~'^{Z^, e)+0{{deg Z^ deg Zi+S) log(5deg Z^ deg Z^)). 

1.11 Corollary Let Sq < degZo/3, 5*1 < degZi/3 be natural numbers, and S = 
SqSi. Then, 

2D{Zo,Zi) + 2D'^{Zo.Z,,9) < max{SiD^^''{Zo,e), SoD'''^'{Z^,e)) + 

0((deg Zo deg Zi + S) \og{S deg Zo deg Zi)). 

Remarks: 1. I strongly conjecture that Theorem 11.41 as well as Theorems 11.61 
\TM and their corollaries still hold if the factor 2 before D{9,X.Y) and D^{e,X.Y) 
is dropped, and possibly also if the 3 in the exponent on the right hand side is 
replaced by some smaller number greater or equal 1. In order to obtain this, one 
would only have to improve Lemma 14.81 in this respect; however, I don't know 
right now how to do that. For the applications of the Theorems and Corollaries to 
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Diophantine Approximation and algebraic independence theory this improvement 
would be insubstantial. 

2. Throughout this paper, constants entailed by the notaion 0(- ■ ■ ) always depend 
only on t, and the dimensions of cycles involved in the context. As, there are 
always only finitely many cycles involved, the constants can also be assumed to be 
depending only on t. 

3. To my knowledge, in the literature, one special case of the above Theorems and 
CoroUarys is known, namely Corollary 11.81 in the case t = 1, codimZo = codimZi = 
1. See |LR] . preuve du coroUaire 3. 

Recall that in |Mal] . section 4 there were given 3 alternative definitions of the 
algebraic distance. The algebraic distance Doo{9,-) is not additive on the cycle 
group, and has some other deficencies; therefore it is probably not possible to prove 
the derivative metric Bezout for D^o- Proofs will be given for Dch and Di. 

This paper heavily depends on part one ( |Mal] ) of this series on diophantine ap- 
proximation on varieties, and can possible not be read independentyl of it. It does 
not however presuppose any knowledge of part 2 and part 3. 

2 Sharp decomposition of the algebraic distance 

Recall the following notations from |Mal] . If G = Gq^t is the Grassmannian of q- 
dimensional subspaces of C*"*"^, then for a subspace P(Vr) C P* of dimension r < q 
the sub Grassmannian of G consisting of the spaces that contain W is denoted Gw, 
and for P(-F) C P* a subspace of dimension p > q the sub Grassmannian of spaces 
being contained in F is denoted G^ . 

Let P(-F) C Pc be a subspace of codimension r, and tt the map 

TT : P* \ P(F^) ^ P(F), [v,w]^[v], veF,weF^. 

For any sub variety X C P{F) of codimension p, the closure Xp := 7r~^(X) is 
a subvariety of codimension p in P* with the same degree as Xp- This induces 
a map tt* : Zp{F{F)) Zp(P*),X ^ Xp with left inverse X X.P(F). For 
two effective cycles X G Z'p{¥{F)),Y G Z«(P(F)), denote by D^'^^\Xf,Yf) their 
algebraic distance as cycles in P(-F). 

In |Malj . Theorem 4.11, and Proposition 4.16, for Z an effective cycle in Pj^, of 
codimension p and P(-F) D P(iy) subspaces of codimensions r > t — p,q > r 
respectively, regular with respect to X the relations 

D{F{W),Z) < D{F{W),F{F).Z)+cidegZ < D(P{W), Z)-D{F{F), Z)+C2deg Z 

with Ci,C2 constants depending only on p,q,r, and t, were proved, and thereby 
the algebraic distance of Z to P(Vr) modulo O(degZ) is reduced to the algebraic 
distance of P(iy) to Z.F{F) and the algebraic distance of F{F) ot Z. 
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If one wants to consider derivatives of algebraic distances, this decomposition is 
not good enough, because the derivatives of two functions may have an arbitrarily 
big difference even if there values don't differ very much. One needs the following 
sharper decomposition. 

2.1 Proposition With the above notations, there is a positive constant C\ only 
depending on p, q, r, and t such that 

D{F{W), Z) + ci deg Z = D{P{W), Z.P{F)) + D{Z, P{F)). 

The proof will use two Lemmas. 

2.2 Lemma Let p + r < t, X e Z^ff(P<c), and F{F) C P(C) a subspace of 
codimension r that intersects X properly. Let further F{W) C P(-F) be a subspace 
of codimension q > r that is regular with respect to X . Then 

D{Zf, P{W)) - D{Z, F{W)) = D{Zf, P(F)) - D{Z, P(F). 
Proof If q < t + 1 — p, this is |Malj . Proposition 5.1. 

If g > t + 1 — p, the Lemma will be proved for Dch, and Dq successively, firstly for 
Dch- Let P(^) C Pj-; be a subspace of codimension t + 1 — p that does not intersect 
Z, and fuimils F{W) C P{V) C P(F). By pal] . Proposition 5.1, and Proposition 
4.14.2, 

D{Zf, P(F)) - D{Z, P(F)) = DiZp, PiV)) - D{Z, ¥{¥)) = 

DchiZp, P{V)) - Dch{Z, ¥{V)). (1) 

Next, we repeat the construction of the cycle deformation in [Malj . section 5. For 
A e C, 

(F,7r,^A,XA) (2) 

is defined as follows. Let X be a subvariety of codimension p in P*, further F C C*"^^ 
a sub vector space that is regular with respect to X, and F-^ C C*"*"^ the orthogonal 
complement of with respect to the canonical inner product on C*+S and P{F^) 
the corresponding projective subspace of P*. Consider the map from above 

TT : P(Ec) \ P(F^) P(Fc), [v®w]^ [v]. 

For each A G C*, there is the automorphism 

: P(Fc) -> P(^c), [v®w]y^[\v + w\. 

For any effective cycle X in P* that intersects P{F) properly, define, $ as the 
subvariety of (P*^)*^^"^ x A<c given as the Zariski closure of the set 

{{M^), . . . , ^a(x). A) e (Py*+^-^ X C*|a; G X(C).}. (3) 
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Then, $ intersects P{F) x properly. Further, for A G C, and y the coordinate 
of the affine hne, the divisor corresponding to the restriction of the function 
y — A to $ is a proper intersection of $ and the zero set of y — X and is of the form 
^A^^ X {A}, for some subvariety Zx of P^, and for A 7^ 0, we have Zx = ipx{X). 
The speciahzation $0 equals 



$0 = 7r*(XP(F) = 7r*(XA.P(F)), 

for arbitrary A G C*. (See jBGS], p.99 4.) 
Recall the correspondence from |Mal] . section 5, 

C = C xA^ 

(jpty+i-p ^ ^1 ^pty+i^p X A^ 

and the map A : P* x A^ — (p*)*+i-p x A^ from the proof of |Mal] . Proposition 
4.16.3: C is the Chow correspondence from (fT7|) : and F, G, A are defined by taking 
the identity on the second factor. 

With [F,7r,i(jx, Zx) for an effective cycle Z of codimension as above, and the corre- 
sponding cycle $ C P* X A^ the cycle $ := G*F*A,<I> intersects {F{W)y+^-'P x A^ 
properly, and the intersection of $ with (P*)*+i^p x {y} is likewise proper. For 
any A G C the cycle G^F*A^{Zx x {A}) equals Ch{Zx) x {A}. Take 5'p(iyp) the 
normalized Green form of P(14^)*+^~p in (P*)*+^~p, and define 

J(pty+i~p 



where /i = ci(0(l, . . . , 1)) (see [Malj . section 3.3 for details). By definition, 
Dch{P{W), Zx) = ji^TT^^VwiX), DUm), Zx) = j^^ri^^M^), 

V t—p,...,t—p J V r— l,...,r— 1 / 

(4) 

where {''*'^\ ^'^^^^_^'^) is the multinomial coefficient ^^^(l^^^t+i-J^' ■ From the proof of 
[Malj . Proposition 4.16.3, it is clear that there are smooth real functions xw, Xf '■ 
R — >• R such that fwW = Xw(}og\X\), v^y(A) = xv(logl-^l); cind further that 
x'wi^) = x'v = x'w^x'v nonnegative; consequently ipwW > V^w(O), 

fvW > V^y(O)- Finally, with /ij being the Fubini-Study form on the ith factor of 
(Pt)*+i-P, 
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{t + l-p){t-p) 



and similarly 



hence 



V t—p,...,t—p J V r—l,...,r—l ) 

(5) 

which does not depend on P(Vr), and P(V) but only on the numbers p and t, the 
subspace P(F), and the cycle Z. We get 

1 = 1 

(it+l-p)(t-p)\ /{t+l-p){r-l)\ 
\ t—p,...,t—p / \ r— l,...,r — 1 / 

consequently, since — Xvi^Y = 0, 

1 1 

((t+i-p)(t-pu (Vw{0) - = (v^f(O) - VfW). (6) 

V t—p,...,t—p ) V r— l,...,r— 1 / 

Together with (jlj), this implies 

i:'(P(iy), Zf) - D{¥{W, Z) = D(P{W), Zo) - D{F{W), Zi) = 

DiFiV),Zp)-DiPiV),Z), 
which together with ([1]) entails the Lemma. 

Proof of Proposition 12. II for Dq- Again, if P(V) is a subspace of codimension 
t + 1 — p interesecting Z properly such that P(V^) C P{F), then, by the proof of 
|Malj . Proposistion 4.14, 

D{P{F), Zf) - D{P{F), Z) = DiPiV), Zf) - DiPiV), Z) = 

Dg{P{V,Zf)) - Dg{P{V,Z)). 
With (F, TT, '?/'A, -^a) as in ([2]), and the correspondence 

C = C X 

P* X G X 
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(7) 



where again F, and G are defined by taking the identity on the second factor, and 
the intersections of $ with G x {y} are proper. Thus, we can proceed just in the 
case Dch, and define 

<^w(A) = j^5vz^gGwl^G'^^~^^^^^^~'^\ = jjvz^9Gv^ 

where /xg = ci(Lg) with Lq the canonical line bundle on G. (see |Mal] . section 
3.2.) We have again 

and the calculations 

dd''{6^prl{gGy^.)) + h.pr*(Gw) = hpr*i{uj{gGw))^ 
d(f{5^prl{gGy) + ^^.pri{Gv) = hprK^igcv)) 

imply this time 

dd^dLfv]) = pr2*ihprli(^igv))■ 
Now, Gv is the single point V in G, hence uj{gv) is the canonical generator of 
the one dimensional space of harmonic forms ifP(*+i~p)'P{*+i~P)(G'). Further, by the 
intersection theory on G the form ti;((y'vi/)/^G^^^^^^*^^ likewise equals this generator. 
We get 

dd^iM=dd%M, 
and the rest of the proof is in complete analogy to the case Dch- 

2.3 Lemma Let X G ^'^^^(P^), and P{W) C a subspace of codimension q > 
t — p that does not meet the support of X. Finally P(-F) a subspace of codimension 
r < t—p containing ¥{W), and intersecting X properly. Then, for certain constants 
C3, cq depending only on p, q,r,t. 

1. 

D{¥{W),Xf) = D^^^\F{W),XF.PiF)) + C3degX. 

2. 

D^^^\F{W),Xf.F{F)) = D{F{W),Xf.F{F)) + cedegX. 
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Proof Assume first r = t — p 

1. In this case the intersection P{F).Xp = P(F).X is zero dimensional, hence 
Xp consists of t — p-dimensional subspaces. If degXp = 1, the intersction of Xp 
with P(F) is a single point, hence by [Mil] , fact 4.8, L'^(^)(P(F).Xi., P(Vr)) = 
log \ P{F).Xp, P(W)\+c where c is a constant only depending on q,p and t. Similarly, 
by the same fact, DiPiW), Xp) = \og\P(W), Xp\ + ci with ci only depending on 
r,p, and t. Further, since Xp is orthogonal to P(-F) the equality |Xi?,P(Vr)| = 
\F{F).Xp,F{W)\ holds, and we get 

DP(^)(P(iy),P(F).X^) = D{F{W),Xp) + C3. 

Since the algebraic distance is additive, for Xp of arbitrary degree the equality 

D{F{W),FiF).Xp) =D{FiW),Xp)+C3degX 

follows. 

2. Again 

D{FiW),Xp.FiF)) = log |P(iy), X^.P(F) | + C4 deg X, 

and 

D^^^\F{W),Xp.F{F)) =log|P(Vr),A:i..P(F)| + c5degA:, 
for the same reasons as in 1. The equality 

D^^^\F{W),Xp.F{F)) = D{F{W),Xp.F{F)) + cedegX 

follows. 

Let now r < t — p. 

1. Let F(y) C F{F) be a subspace of codimension r = t —p that contains P(l^), 
and intersects X properly. Since, {Xp)v = Xy, by Lemma [2?n 

D{F{W),Xp) = D{F{W),Xv) + D{F{V),Xp) - D{F{V),Xv). (8) 

On the other hand, consider {Xp.F{F))y inside F{F). Again, by Lemma [2?T] 

D^^^\F{W),Xp.F{F)) = 

D^(^)(P(iy), (X^.P(F))y)+D^(^)(P(V), {Xp.FiF)))~D^^^\F{V), (X^.P(F))y). 

(9) 

We want to show that the left hand side of ([H]) equals a constant times deg Z plus 
the left hand side of (El). Since, {Xf,F{F))v = Xy.P(F), the first terms on the 
right hand sides coincide modulo a constant times deg Z by the Lemma for r = t—p. 
The third terms on the right hand sides are constants times deg Z by the proof of 
[BGSj . Proposition 5.1.1. Finally the second terms on the right hand sides coincide 
modulo a constant times degZ by |Malj . Lemma 4.13.1. 
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2. With P(y) as in part one, we have by Lemma [2.11 

D{P{W),Xf.P{F)) = 

D{F{W), {Xp.F{F))v) + D{F{V), (X^.P(F))) - D{F{V), {XF.F{F))y). (10) 

The terms on the right hand side of ffTOj) . and ([8]) can be compared completely 
analogously as in part one, again using the Lemma for r = t — p, the proof of [BGSj . 
Proposition 5.1.1, and |Mal] . Lemma 4.13.1. 

Proof of Proposition 12. It Since Xf.F{F) = X.F{F), the Proposition simply 
follows from the two Lemmata. 

3 AfRne Differentiation 

Let Z he a Kahler manifold of dimension d, i. e. a complex manifold equipped with 
a metric on the tangent space T^Z for every z & Z such that the fundamental form 
defined by this metric is closed. 

A map smooth map R"* — > IR*^ is called analytic, if its Taylor series locally converges. 
Clearly if / : C™ C" is holomorphic, the induced map : R^'" F'^"' is 
analytic, and if — » C is holomorphic the maps F = \ f\ : R^" — >■ R and logF are 
analytic. 

Let now Uq be a neighbourhood of 6 E Z as above, and 

holomorphic charts centerd at the origin. Further, denote by \-,- \ the distance on Z 
as well as the standard distance on A'^(C) = C^. If Ue is relatively compact, then 
there are positive constants ci, C2 such that for every zi,Z2 G Ue, 

\(p~^Zi,(p~^Z2\ < Ci\zi,Z2\, \Zl,Z2\ < C2\(p~^Zi,ip'^Z2\, (H) 

and the same with ijj. 

3.1 Lemma Let d denote the vector {d/dxi,d/dyi, . . . ,d/dxt,d/dyt), which will 
also be denoted {di, . . . , 820) shortly, and by I = (zi, . . . , i2d) a multiindex of order S , 
i. e. \I\ = il^ \-i2d = S. Then, withd^ the derivative d^^ / {dxiY^ ■ ■ ■ d^'^'' / {dydY'^'^) , 

log|a^(^7)(0)|< sup \og\d'{rfm\ + cS\ogS, 

s<S,\J\=s 

and 

\og\d\rfm\< sup log|9-^(¥.7)(0)| + cSlog^, 

s<S,\J\=s 

with c a constant depending only on d and the charts ip, and ip- 
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Proof Since (v? ^ o 'ip)* '■ C"^ is holomorphic, the induced map {f^o ip)'^ 

R^'^ R^'^ is analytic, hence 



with C only depending on (p, and ip. Successively applying the chaine rule gives the 
desired result. 

Let now M be a set of functions Z ^ H closed under sums and differences. A 
grading on M is a map deg : M — > Z such that deg(/ + g) = degf + degg and 
deg(-/) = - deg / for every f,g e M. 

3.2 Definition A graded set M of smooth functions f : Ug ^ IR^*^, i G I is said 
to have a holomorphic model if there is an analytic function g : Ug ^ ]R^°, and for 
every f & M a holomorphic function F : Ue C such that 



For multiindizes / = (ii, . . . ,i2d), J = {ji, ■ ■ ■ , j2d) write J -< / iff < ik for 
all k = 1, . . . , 2d. If J -< I the multiindex / — J is defined. Further, for / = 
. . . , Z2rf a multiindex, and the corresponding differential operator, write 5^ for 
the differential operator 



3.3 Lemma If (p : U ^ Ug is a holomorphic chart, and M a set of functions that 
has a holomorphic model, then for every f E M with holomorphic model F, the 
function F locally has a square root h, and 



where the constants implied by the 0-notation depend on the choic of the holomorphic 
charts only. 

Proof For s < S, and / a multiindex of order s, 



\og\d'{y,-'oij)*^{0)\<Cs\ogs, 



f = log|F| + deg/ log^f. 



d''/{dziy'd'''/{dziy^d'--'/{dz2y'' ■ ■■d'^''~'/{dzdy^''-^d'^''/{dzd) 



sup |(9^(^7)(0)| < sup \{d-^^*h) (O)|' + 0((^ + deg/)log(5deg/)), 



|/|<5 \J\<S 




(12) 



Since g is an analytic function. 



|^/-j^ye9/)(o)| < (|/- J|deg/)^(l^-'^l+'^"s-^) < (sdeg/)^(^+^^s-^) 
for some constant c. Hence, the absolute value of (IT^ is less or equal 

{2d) ' sup I {d-^if* I F| ) (0) I (s deg /)^(^+d^g /) . 



(13) 
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Next, with H = ip*h, 

\{d'^*\Fm\ = \id'{HHmi 

and the Cauchy-Riemman differential equations imply 

dH _dH _ .dH 

dzi dxi dyi ' 

consequently, 
and similarly 

\d'^H\ = \d{H\. 

This implies 

\d^\^*f\\ = \d-^{HH)\ < 21-^1 sup dfHdi-^H < 2' sup \dfH\^. 

K<J \K\<s 

Hence, (fT3|) is less or equal 

{Ady{sdegf)<'+^''^f^ sup |(9f)(0)|2, 

\K\<s 

proving the Lemma. 

By standard complex ananlysis, the derivatives of a function f dX 9 that has a 
holomorphic model F can be estimated by the values of F on Uq in the following 
way. 



3.4 Proposition Let Z he a Kdhler manifold of dimension d, and 6 G Z a point 
with neighbourhood Uq; further ip -.U ~^Uq an affine chart, and f a smooth function 
on Uq that has a holomorphic model F . Then, for every 5* G N, every I with \I\ = S , 
and every R EH such that the ball of radius R around 6 is contained in Ug, 

log|((9V/)(0)| < sup log|F(z)| - 251ogi? + 0(51og5). 

\e,z\<R 



Proof Let hhe a local square root of F and H = ip*h. Lemma [3^ implies for any 
multiindex with \I\ = S, 

log|(9V7)(0)|< sup |(9//7)(0)p = 

\J\<s 



sup log 

\J\<S 



gs 



jl+h ■ ■ ■ (^()z^]j2d-l+j2d' 



h] (0) 



(^ + deg/)log(^deg/). (14) 
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By the multidimensional Cauchy formula, 



(92i)-'i+J2 ■ ■ ■ {dzay^d-i+jid' 



H]{0) 



< 



1 



zi=R' J Zii=R' Zi 



dz\ • • • (Izq 



2 



(2vr) 

with R' = R/c2, and C2 from (fTTj) . which in turn equals 

^ (R')-^' sup 



<^/Rr'' sup 



271"^ |2,e|<ij 
Inserting this into f|T^ finishes the proof. 

3.1 Projective space 

3.5 Lemma Let 6 G P*(C). 

1. If f & r(P*,0(D)) is a global section whose restriction to 9 is nonzero, then 
the function 

C^log|/cl, 

hence likewise the function 



D{C,dtvf) = \og\f^\- [ log|/|/i* 



have holomorphic models. 
2. For Ue the circle of radius r < 1 around 9, the inequalities ( [77]) hold with 

Ci = l/VT^, C2 = l. 

Proof 1. If the global sections r(P*,0(D)) of the line bundle 0{D) are given 
by homogeneous polynomials of degree D in variables zq, . . . ,zt with zi{9) = ■ ■ ■ = 
zt{9) = 0, the map f{zo, ...,zt)^ F{zi, ...,zt)= /(I, zi, . . . , Zt) maps r(P*, 0{D)) 
to the space of polynomials on A* of degree at most D. Further, with : A* ^ P* 
the affine chart with ^9(0) = 9 and C = (Co, • • • , Ct) in V5(A*(C)), 

|F(Ci,...,0)| 

|(i,Ci,...,C*)P' 

Since g : — >• |(1, zi, . . . , is analytic, it follows that F[C,i, . . . Xt) is 
a holomorphic model for C — > log I /c I, ^^d F(Ci, . • • , Ct) exp (— log |/| /i*) is a 
holomorphic model for -D(C, div/). 
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1 + \{Zi,...,Zt, 



12' 



2. With ( = ip{z) we have \0,z\ = \z\, and 

implying the claim. 

3.2 Grassmannians 

Let now G{<C) = Gp,t+i(C) be the Grassmannian of p-dimensional subspaces of 
C*"*"^. On G, there is the line bundle L defined as the determinant of the canonical 
quotiont bundle. Further, there is the canonical harmonic (1, l)-form fic = ci{L). 
This metric explicetely can be described as follows: 
Let W, W G G'(C), and Sw' the unit spere in W Then, 

W| = sup \prw±{w)\, 

where pr^r± is the orthogonal projection to the orthogonal complement of W. 
Let Wq be any p-dimensional subspace of C*"*"^. There is the following holomorphic 
chart if : A^*"'"^"^''^ G: Let Wi, . . . , be an orthonormal basis of Wq, V = W^j-, 
and U~ the unipotent radical of the subgroup of GL{(C^~^^ that leaves V invariant. 
Then the big cell in the Bruhat decomposition of Gp^t+i centered at Wq consists of 
the subspaces uWo,u G . The map 

is certainly holomorphic. 

3.6 Lemma 

1. For any hypersurface Z = divf in G the map 

G^R, DiV, Z) = log l/vl - / log 

Jg 

has a holomorphic model. 

2. The inequality [Tl\) holds with C2 = 1, and Ci some constant depending on p 
and t. 



Proof 1. Let E be the vectorbundle on Gp^t+i that attaches to each point W & G 
the dual vector space W of W. The global sections of E are the vectors v G (C*^^)", 
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Since, Lq — the global sections of Cq^ are symmetric produckts of vectors of 
the form vi /\ ■ • ■ /\Vp,Vi & (C*^^)' Now if 



D 



is such a global section, then for W not in the support of div/, 

L>(div/,W-) = log|/^|- / \ogWt'\ 

Jg 

Further if Wi, . . . , Wp is an orthonormal Basis of Wq, and U~ is as defined above, 
then for W = uW, 



\fw\ ~~ 



\uwi A • • • A uWp\^ 



and the function inside the numerator is certainly a holomorphic function of m G 
2. Is clear. 



3.7 Lemma Let p + q <t + l, andP{W) a subspace of dimension p — 1 , andUw o, 
neighbourhood ofW in Gp,t+i- Then, z/ LZ*+i-'?(P*) C Z*+_J"'?(P*) is the subgroup 
generated by subspaces of dimension p — 1 that intersect each P{W) with W e Uw 
properly, the set of functions 

fz-.Uw^R, W ^ D{Z, P{W)), Z e LZ'+'^-"{P') 

has a holomorphic model. 



Proof For P{V) C P* a subspace of dimension p — 1 intersecting each P{W with 
W G Uw properly, let Fy be the vector bundle on Uw that attaches to each W the 
space {W/{V n W))\ and the line bundle Cy = A*^^"''- Further, let 

be linear forms that are orthonormal and zero on V, and define = A • • • A 
Vt+i-q e ^{Uw,^)- If P{V) is the parabolic subgroup of G/(C*+^) that leaves V 
invariant, then the group U~ r\P{V) operates transitively on Uw, and for W — uW 
we have 

\uwi A ■ ■ ■ A wt+i-g\ 
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The formula inside the absolute value in the numerator is linar from in u. Furhter, 
the above expression equals the sine of the angle between V and W , and by |Mal] . 
Fact 4.8 D{F{y)^ ¥{W)), modula a fixed constant, eqals the logarithm of the sine of 
the angle between V and W . equals. Now, for Z G LZ^^^~'^ arbitrary, Z = nyV, 
and the function 

V 

models the function D{Z, F{W)). 

3.8 Lemma Let X C he a suhvariety of dimension p, and G = Gt,t-p- 

1. There is a positive constant Ci, only depending on t, and p such that 

^{Vx)= [ /ig+^-^)^-^ = c,degX 

JVx 

2. Let U^iVx) he the tuhular neighhourhood 

U,{Vx) ■={V eG{€)\\V,Vx\<e] 
of Vx ■ Then, there is a positive constant, depending only on t, and p such that 

ficrnVx)) = [ 4^'-'^' < C2 degXe. 

JU,{Vx) 

Proof 1. Since ^g, and thereby + 1 — p)p — 1 are closed forms, the integral 

{t+i-p)p-i 

depends only on the cohomology class of the cycle Vx, and thereby only on the class 
of Vx in CH^{G). Since in this last group 

\Vx] = degX[Vj.iw)l 

where P(iy) C P* is any projective subspace of codimension p, with 
^1 ^Vp(,w) /^g"^^"^^^"^ the equality jy^ /ij^^^"^^^"^ = cidegX follows. 
2. Since G has positive curvature, this immediately follows from part one. 

3.9 Lemma Let P(iy) C P(-F) he suhspaces of P*^ of codimensions q > r. Every 
suhspace P(-F') of codimension r contains a suhspace P{W') of codimension q such 
that 

\W,W'\ < \F,F'\ 
as points in the corresponding Grassmannians. 
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Proof The proof is elementary linear algebra. Let prp ■ C*"^^ — > F be the orthog- 
onal projection to F, and define W as the intersection prp^{W) fl F'. Then W 
has codimension q, is contained in F', and every vector w e W may be written as 
W ^ wi + vi with wi e W^, e F-^ C W-^. Hence, 

pr^x(w) = = prF±{w), 

and since 1^' C F', 

VF'I = sup |j9r^;t^± (w) I = sup \prp±{w)\ < sup \prp±{v)\ — |F, F'|. 
wew wew veF' 

Next, there is the following functoriality for differential operators on Grassmannians 
of subspaces of different dimension. Let p + q < t + 1, P{W) C P*(C) be a subspace 
of dimension q — 1, and Uw an open subset of W in Gg^t that is contained in the big 
cell in the Bruhat decomposition centered at W. 

For P(F) a subspace of dimension p+q — 1 containing P(VF), let V be the orthogonal 
complement of in F, and define the map 

f-.Uw^Gp+M, W^WeV. 

Clearly, / is a holomorphic map. 

3.10 Lemma Let |-,-| be the canonical metric on the Grassmannian. With the 
above notations, 

1. 

"iW &Uw \F,ip{W)\ < \W,W\. 
2. Letip: A^Uy„ijj: A^G. Then, 

sup o / ° </^)(0)| < cslogs, 

|/|=s 

where c is a constant depending only on p, q, and t but not on the choice of W 
and F. 

Proof 1. Let W e Uw and F = ip{W). Since V is contained in F , we have 

|F, F| = sup \prp±{v) \ = sup \prF±{v)\. 

Now let V e Spj-^Y± be a vector where value of the last supremum is achieved, and 
w e Sy[r be a vector such that = jprv^J- (if) | . We have to show 

\prF±{v)\ < \prw±iw)\, 

which again boils down to an elementary calculation in linear algebra. 

2. This is an immediate consequence of the holomorphicity of /, and the fact that 
o f o (f is the same for all W, F modulo a transformation hy a g e SU + 
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4 The derivated algebraic distance 



4.1 Hypersurfaces and points 

Let Z he a regular projective algebraic variety of dimension d over C, and fix a 
Kahler structure on Z. For / a global section of some line bundle on Z, X = div/ 
an effective cycle of pure codimension 1 on Z, and 6 ^ Z a point not contained in 
the support of X the algebraic distance D{9,X) equals 

D{e, X)=log\ fg\- I log|/|/ = -i I ge + ll gelJ^, 

where /i is the chosen Kahler form on and is a green form of log type for Q. 
(See [Mil], Definition 4.1). 

For Y a cycle in Z of pure codimension 1 the function D{Y^ 6) clearly is smooth in 
a neighbourhood of 6. This leads to the following definition. 

4.1 Definition With the above notations, let Y G Zeff{Z) be an effective cycle of 
pure codimension 1 in Z on Z , and 6 E Z a point not contained in the support of 
Z . Further ip : U G A"' Ug an affine chart. The derivated algebraic distance of Z 
to 9 is defined as 

D^{e,Z) := sup logUd^ exp{D{z,Z))) {e)\ . 
\i\<s 



4.2 Proposition Let q < t, and G = Gq^t the Grassmannian of q- dimensional 
subspaces of C*^"*^. Then, for effective cycle Z of codimension q in Gand every 
point W E G not contained in Z , the algebraic distance D{Z, W) has a holomorphic 
model. 



Proof Since GH^{G) = Z, there is some global section / of the canonical line 
bundle Lq on G such that Z = div/. The Proposition thus follows form Lemma 

mi. 

4.3 Corollary With f a global section of a line bundle L on Z , Y = divf , 9 a 
point not contained in the support of Y , (f : U ^ Ug an affine chart, and H a local 
square root of ip* f , 



D'{Y, 



sup 

\J\<S 



{dz,)n---{dzty^ 



+ O (S log SS). 
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Proof Follows from the Proposition and Lemma [3.31 

The derivated algebraic diestance of a hypersurface in P* can also be estimated 
against the values of the derivations of the global sections directily as stated in 
Theorem 11.31 

Proof of Theorem 11.31 By the proof of Lemma 1531 with : A* — > P* a homo- 
geneous chart centered at 6, and Ci, • • • , Ct the coorindates in A* 

D(div/,^(C))=log|F(C)|- / |/|/i*-Dlog|(l,Ci,...,Ct)|, 



hence 



D^(div/,^)= suplog|(9^|F|)(0)|- / |/|/i* + 0(51og5). 

\I\<S Jpt 



By the first equality above the Proposition holds for 5 = 0. Assume that for a 
multiindex / with |/| = 5* — 1, 

\{d'\Fm\ < \{diFm\. 

Then, for any j = 1, . . . ,t, 

\{d/dx,d'\Fm\ < \id/dx,\{diFm\. 

With G = d!.F, and Gr, Gi the real and imagainary parts of G this equals 



GrdGr/dxj + GidGi/dxj 



(0) 



< 



dxj dxj 



\l G"^ + Gf 

which by the Cauchy-Riemman-equations equals 

„ dG 



< 



dGr 



dxj 



(0) 



dG, 



dXn 



(0) 



dzj 



2\{d/dzjd^F){0)\ 



The Proposition follows by complete induction. 



4.2 Effective cycles in projective space and projective sub- 
spaces 

4.4 Proposition Let p,q G N, Z e Z^jj.{P{,), and P{W) C P*(C) a subspace 
of codimension q that is regular with respect to Z . Let further G = Gt+i-q,t de- 
note the Grassmannian of q- codimensional subspaces o/P*(C). There is an open 
neighbourhood Uw ofW in G such that every W G Uw is regular with respect to Z. 
Further, 
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1- If t ^ P + Q < t + 1, or more generally if p + q < t + 1, and for every 
W in some neighbourhood Uw of W the intersection Z.P{W) is a sum of 
projective subspaces, then the function D{Z,P{W) has a holomorphic model, 
in particular is a smooth function. 

2. Ifp + q>t + l, the function D{Z, •) is smooth on Uw 

This leads to the following Definition: 

4.5 Definition Let Z G Ze//(P^) be an effective cycle in projective space, and 
P{W) C P*(C) a projiective subspace of codimension q that is regular with respect 
to Z . For W the corresponding point in the Grassmanninan G = Gt+i-q^t+i there 
is a connected simply connected neigbourhood Uw of W in G such that for every 
W G Uw the space P{W) is likewise regular with respect to Z . Let (f*U Uw be 
the affine chart from section 3, and define the derivated algebraic distance ofPiW) 
to Z as 

D^,ie,Z) := sup \og\id'expiip*D,iz,Z))m\, 

\i\<s 

where D,{6,Z) either denotes the algebraic distance Dg{0,Z) = Di{6,Z) or the 
algebraic distance Dch{d,Z) of 6 to Z as defined in JMalf . section 4- 

4.2.1 Points 

Proof of Proposition 14.41 2 for p = t: For Z g Z*(py, and P{W) c P* a 
subspace of codimension q <t — 1 that does not meet the support of Z, let 

degZ 
i=l 

and Xi,i = l,j = 1, . . . ,q global section of 0(1) of length 1 on P* such that 

P{W) = divxi n . . . n divxg. 

For Uw a neighbourhood of W in Gt-q,t+i, such that for every V G Uw, no Zi lies 
in P{V), and define 



jr TO Xi{Zi)Xi{Zi) -\ Xq{Zi)Xg{Zi) 

gi : Ue K, z ■ ^ 



1 + Xi{Zi)Xi{Zi) H Xq{Zi)Xq{Zi) 

Clearly gi is smooth and nonzero on Uw- Hence, the square root /j of gi is also 
smooth on Uw- Since, \z,Zi\ = \gi{z)\, and by |Mal] . Fact 4.8, there is constant c 
such that 

dcgZ 



D{Z,P{W)) = cdegZ+ ^ log| 



i=l 
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the claim follows. 

For zero dimensional cycles X the derivated algebraic distance to a ponint 9 not on 
X takes a particularily simple form 

4.6 Proposition 

1. Let Z e Zgjy(P*)^ be an effective cycle of pure dimension zero, and 6 e Pj^ a 
point not contained in the support of Z. If Z — X^S^-^i ordered in such a 
way that \zi, ^| < • • • < l-^degz, then for every S < degZ 

degZ 

D^Z,9)< £ log|^,,^|+0(>SlogdegZ), 

i=S+l 

and for every S < deg Z/3 

degZ 

2 J2 ^og\zi,9\<D^^{Z,9) + 0{{S + degZ)\ogdegZ). 

i=S+l 

2. Forp <t let Z e ^e//(P*) such that Z = E£i^P(l^i) with each F{W) a 
projective suhspace, and 9 a not contained in P(PVj) for all i — 1, . . . , deg Z . 
Then, for every S < deg Z , 

degZ 

D\9,Z)< J2 log|^,P(W^,)| + 0(-51ogdegZ). 

i=S+l 

The next three Lemmata will be proved in the appendix 

4.7 Lemma Let Xi, . . . , a;„ e [—1, 1] \ {0} with 

n 

< \x2\ < • • • < \xn\, and f{x) := — Xi). 

1=1 

Then, for s < n/3, 

(2..iK3.3r. ni^.r^„l^i/"'(°)i. 

and for s <n, 

sup i/(^)(o)i < n i^'i- 
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4.8 Lemma Let 6,zi, . . . , Zn he points in P*(C), with 9 ^ z^ii = 1, . . . ,n, and 
(p : A*(C) P*(C) the affine chart centered at 9. With 



= n 



z, 



1 



1=1 



and F = (p*f, for every multiindex I = {ii, . . . ,it) with \I\ = s < n/3, 

1 " 
7 — TTl^,-Sir< sup \(d^F)(0)\, 

and for s < n, 

n 

sup WF){0)\ <n' Y\ \9,Zi\. 



4.9 Lemma Let P(Wi) C P^;"^ = 1, . . .n be subspaces of fixed codimension p , and 
9 G P*(C) a point contained in none of them. Further, ip : A*(C) —>■ P*(C) the 
affine chart centered at 9 and 



f{z) = l[\z,P{W,, 



i=l 



Then with F = ip*f, and s < n, 



sup \ {d^F){0) \ <n'Y\\9,F{Wi)\. 

\i\<s 



i=l 



Proof of Proposition I4.6t 1. The inequality 

D^{Z,9) < 0{S log degZ) 



follows immediately from the second inequality of Lemma 14.81 together with the 
equality 

L>(^,x) = log|x,^| +c, (15) 

with c a constant only depending on t from |Malj . Fact 4.10. The second inequality 
follows from the first equality of Lemma 14. 8[ and again equality (IT^ . 



2. Follows in the same way using Lemma [4.91 and the equality 

dcgZ 

0(9, Z)=J2 log + cdeg Z, 

i=l 

which follows again from [Malj . Fact 4.10 together with the additivity of the alge- 
braic distance. 



24 



4.2.2 The general case 



Proof of Proposition 14.41 1: Assume first that p + q = t + 1. Then, by the 
proof of [Mai], Proposition 4.14, 

D{Z,P{W)) = D{Vz,W), 

with Vz G*F^Z G Zljj-{Gt+i-p^t) from the Correspondence ((Tj) Thus, the claim in 
this case is Proposition 14. 2[ 

For p + q < t, and Z.P{W) equal to a sum of projective subspaces for every W in 
some neighbourood of W assume first p+q = t, and let P(V^) C P*(C) be a subspace 
of codimension one that does not meet the support P{W).Z for every W G Uw By 
|Malj . Proposition 4.12, 

D{Z, F{W)) = D{F{V), F{W)) + D{Z, F{V) n F{W)) - D{Z.F{W), F{V)). (16) 

Hence, the claim of the Proposition holds for D{Z, F{W) if it holds for every term 
on the left hand side of fll6p . For the second term, the claim follows from Case A. 
For the first term, it follows from Lemma 13.71 

For the third term, let C Uw be the subset such that for every W G the 
space P(iy) does not meet the singular locus of Z, and Z.F{W) has no double 
points. Clearly Uw \ U^ is contained in the intersection of Uw with the zero set 
of a holomorphic function. Further, let X be the global section of 0(1) such that 
F{V) = divX. Then, 

D{Z.F{W), F{V)) = log Yl ' ^ + cdegZ. 

^=1 ^Jl + X{z^)X{z,) 

On U^ the coordinates of Zi, . . . , Zdegz are holomorphic functions of W. Hence 
X{zi) is holomorphic on U^. Since X{zi) is continious on Uw, and Uw \ U^ is 
contained in the intersection of Uw with the zero set of a holomorphic function, it 
follows that X{zi) is holomorphic on all of Uw, finishing the proof. 
U p + q < t, let P(V^) C P*(C) be a subspace of codimension t + 1 — p — q that 
does not meet the support of F{W).Z for every W G Uw- Then ( !T6|) still holds 
and the first and second term on the right hand side by the same arguments have 
holomorphic models. Further, by assumption Z.W = Yl'i=i^ ^i^), hence by |Mal] . 
p. 28, 

n n 

D{Z.F{W,F{V)) = Y,D{F{W,),F{V)) = ^ D(iy„ Vi.(v)), 

i=l 1=1 

where the Wi are points and Vp^v) is a hypersurface in Gt-p-q^t+i, and algeraic 



25 



distance of effective cycles in P(-F), 



D{Z.P{W), P{V)) = log Y[ ^^^'\ 



1 ^1 + X{W,)X{W^) 

with X a global section of the canonical line bundle of the Grassmannian such that 
Vp{v) = divX. Taking again C Uw as the subset sucht that for every W G 
the space does not meet the singular locus of Z, and Z.P(W) has no double points, 
the coordinates of each Wi depend holomorphically on P(iy), and one can repeat 
the argument above. 

Proof of Proposition 14.41 for p + q > t + 1: Let P(F) be a subspace of 
codimension t — p containing P(Vr), and intersecting Z properly. By Proposition 

lam 

DiZ, FiW)) - D{Zf, FiW)) = D{Z, P(F)) - P(F)). 

By part one of the Proposition, the left hand side is smooth. Further, since 
D{ZF),PiW)) = D{ZF.PiF),F{W)) + cdegX, and Zp-PiF) consitst of points, 
the second term on the left hand side is smooth by part two of the proposition for 
p = t proved above. Hence, D{Z, P{W)) is likewise smooth. 

5 Reduction of the derivated algebraic distance 
to derivated algebraic distances to points 

Let Z C Pj^ be an algebraic subvariety of codimension p, and 6 G P*(C) a point 
not contained in Z. [Mai] , Proposition 4.16 implies the existence of a projective 
subspace P(F) C P* of codimension t — p that intersects Z properly and contains 
6, such that 

ci deg Z > D{P{F), Z) > -cs deg Z, 

with positive constants Ci, C2 only depending on p, and t, and, if D^^^\», •) denotes 
the 

D{Z,9) = D'^^^^Z.FiF), 6) + O (deg Z). 

The existence of such a space thus allowed to reduch teh algebraic distance of a 
point 9 to an effective cycle Z to the algebraic cycle to the algebraic distance of 

6 to Z.P{F) which is zero dimensional. For decomposing the derivated algebraic 
distance however, the condition D{Z,P{F)) > — C2degZ is not good enough, be- 
cause derivatives of a function may be very small or big even if the values of the 
function are not; to assure that there is a space P{F) such that the derivations of 
expD(P(F), Z) and exp(— D(P(F), Z)) are also bounded in terms of det Z, one has 
to look for a space that contains a smaller subspace that has not too small distance 
to Z. 
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5.1 Theorem Let p < t, and Z C P*(C) he an effective cycle of pure codimension 
p; further 9 G P*(C) a point not contained in the support of Z, and S a natural 
number at most deg Z/3. 

1. There are fixed constants ci, C2, C3 only depending on p, and t, and a subspace 
P(F) C P-^ of codimension t — p, containing 9, intersecting Z properly, and 
fullfilling 

cidegZ > D{F{F),Z) > -C2 deg Zlog deg Z, 

and 

D\Z,9) = (D^(^))^(Z.P(F),^) + D(P(F),Z) + 0((5+degZ)log(5degZ)). 

2. IfV{F) is any subspace of codimension q>t—p containing 9, then 
(DP(^))^(Z.P(F), 9) < D^{9, Z) + D{¥{F), Z) + deg Z) log(5deg Z)). 

The prove will be given for the Dq, and Den seperately. Consider first Den, and 
recall that the Chow divisor of an algebraic cycle X e Zg^^(P*) is defined in the 
following way. Let 5 : P* — > (P*)*' be the diagonal, and define the correspondence 

(P*)f (P*)f (17) 

where C is the subscheme of (P*)^ x (P*)^ assigning to each t-\-l dimensional vector 
space V over a field k the set 

{{vx, ...,Vp,Vi,.. .Vp\vi eV, ViE V, Vi{vi) = 0, Vi = 1, . . .p}. 

The maps f : C —>■ (P*)^, g : C ^ (P*)^ are just the restrictions of the projections. 
They are flat, projective, surjective, and smooth. For Z e Z*^^~^(P*), the Chow 
divisor Ch(Z) c (P*)^ is defined as Ch{Z) := g^of*o 5^(Z). 

5.2 Lemma Let Z e Zf^_^(P*.). 

1. For every I > t + 1 — p, there is a subspace P{V) C P*(C) of codimension I 
such that with V the corresponding point in Gt+i-i,t+i 

log \V, Vz\ > -ci - log deg Z, 

where ci is a positive constant only depening on t and p. 
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2. Let P(-F) C P*(C) he a subspace of codimension r < t + 1 — p that contains a 
subspace P(V) of codimension I > t + 1 — p with 

log \V,Vz\ > -ci - logdegZ. 

Then, 

D{F{F),Z) > -csdegZlogdegZ 
with C3 a positive constant depending only on p, q and t. 

Proof 1. Let 02 be the contstant form Lemma [3^ 2. and UiVz) the tubular neigh- 
bourhood of diamater ^ of the support of Vz in G. By Lemma [3.8[ 2. 

Hence, there is a subspace P(V^) of dimension t — q such that the point V E G 
corresponding to P(K) does not lie in f/(Vz), i.e. log|V, V^l > — logC2— log(2degZ). 
Take Ci = 2c2. 

2. Follows in the same way as jMalj . Proposition 4.17. 

5.3 Proposition For p + r = t, let Z e Z^fj:(P\.), and P(F) C P*(C) be a 
subspace of codimension r, regular with respect to Z that contains a subspace P{V) 
of codimension I > t+l—p such that in the Grassmanian Gp^t+i one has log \ V,Vz\ > 
— logci — logdegZ with ci > a constant only depending on p, q, and t. Then, for 
every S < deg Z 

D\¥{F), Z) < C3((degZ + 5)(logdegZ + log 5)), 

and with Uy a neighbourhood of V in G, and ip : U ^ Uy an affine chart, the 
function 

Df(P(F),X) :=log sup d'{exp-D{F{F),Z)), 

s<S,\I\=s 

also fullfills 

(P(F), X) < C3((deg Z + 5')(logdeg Z + log S)). 
with C3 a constant depending only on p, q, r, and t. 

Proof Let Up he the ball with logarithmic radius — log2ci — log deg Z around F 
in Gt-\-i-r,t+i- By Lemma [3.9[ for every F G Up there is a ^ C -F of dimension t — r 
such that \V,V\ < \F,F\ < — 2ci — log deg Z. The assumption on P{V), together 
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with the triangle inequahty, imphes \V,Vz\ > — log2ci — logdegZ, which in turn 
by Lemma [5. 2[ 2 imphes 

D{P{F),Z) > -C2degZlogdegZ, 

or 

D,{F{F),Z) < 2c2degZlogdegZ. 

Further by Proposition 14.41 1 the function D(P{F),Z) and thereby the function 
-D*(P(F, Z)) has a holomorphic model g on Up- Hence Proposition 13.41 together 
with the above inequalities implies 

Df(P(F),Z)< sup log|^(F)| + 2ci51ogdegZ + 0((5 + degZ)log(5degZ)) < 

2c2degZlogdegZ + 2ci^logdegZ + 0(51og5) < Cs{S + degZ) (log S + log degZ), 

with a suitable constant C3. 
The inequality 

D^(P(F),X) < C3((degX + ^)(logdegX + logS)) 

follows in the same way, this time using D{P{F), Z) < c^degZ for every F regular 
with respect to Z which is just a reformulation of [BGSj . Propostions 5.1, and the 
holomorphic model for D[F, Z). 

5.4 Proposition Let p, q, r be numbers fullfilling q > t+l~p, r = t—p, t — p — q + 
1 < and Z be an effecitve cycle of codimension p in Pj-.. Further, V{W) C P*(C) 
a subspace of codimension q that does not meet the support of Z . There is a subspace 
P{F) C P* of codimension r that contains P{W), hence intersects Z properly such 
that with Zp as defined in section 2, 

Dl{Z, ¥{W)) < D',{Zp, F{W)) + 0((deg Z + S) log{S deg Z)), 

and 

DliZp, ¥{W)) < Dl{Z, P(F)) + 0((deg Z + S) log{S deg Z)), 

where D, may be chosen to mean either Dch or Dq- Further, ifP{F) is a subspace of 
codimension I > q, contains 9 as well as a subspace P(V^) of codimension t+l—p such 
that log \P iy ), Z\ > — c— logdegZ, and Z.P{F) for every F in some neighbbourhood 
of F is a sum of projective subspaces, then the above inequalities still hold. 

Proof Let P{V) C P{F) be a subspace of codimension / = 2t + l—p — q > t + l—p 
such that V has maximal distance to the support of Vz with this property. By 
Lemma \57I\ log \ V, Vz\ > — Ci log deg Z. Let further P(-F) be the unique subspace of 
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P* that contains P(14^) as well as P(V^), and Uw a neighbourhood of W in Gt+i-q,t 
such that for each W G Uw the intersection of P(iy) with Z is proper. Finally, 
let / : Uw — > Gt+i-q,t be the map from Lemma I3.10[ By Proposition 12.11 for every 
W eUw and F = f{W), 

D{Zp, P{W)) - DiZ, P{W)) = D{Zp, P(F)) - D{Z, P(F)), (18) 

where D{Zp,¥{F)) = cdegZ by [Mil] . . Let 

be the canonical affine charts from chapter 3 centered at W and F respectively, and 
define 

G{W, F) = eMD{Zp, ¥{W))) = eMD^Z^^^y P(iy)), 
F{W, ) = exp(D(Z, P{W))), and H{F) = exp{D{Z, P(F))). 
Then, ( 1T8|) reads 

F{W) = exp{-c deg Z) H o f{W) G{WJW), 

hence for every I with |/| = s < S", 

d\{^*F) = exp{-cdegZ)d\{Hofo^){Go{^,fo^))) 

= exp(— cdeg Z)d\{H o ip o tp'^ o f o Lp)[G o ip o tp~^ o (yj, / o (p))). 

By Lemma [5.21 {d'^ {ip~^ ° / ° V^))(0) ^ cSlog S for every J ~< I, and by the previous 
Lemma 

\{d'{Hotlj)){0)\<ci{degZ + S)\og{SdegZ), 

which for every / with |/| < S, which by elementary differentiation techniques 
implies 

\{d\v*F)){0)\ < sup \{d^{rG))m+cSlogS + c,{S + degZ)\og{SdegZ) + C2S, 
\j\<s 

where dw denotes partial derivatives by the first component; hence 

D^{Z,P{W)) < D^ZF,P{W))-cdegZ+cS\ogS+ci{S+degZ) \og{S deg Z)+C2S. 

The inequaltiy in the other direction is proved analogously. 

5.5 Lemma Let Z C Pj-. be a subvariety of codimension p, and P{W) C Pj-. a 
subspace of codimension q > t — p that does not meet Z . Finally P{F) a subspace 
of codimension r = t ~ p containing P{W), and intersecting Z properly, 

D\P{W), Zf) = {D^^^^f{P{W), Zf.P{F)) + c... deg Z. 
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Proof Let : A(*+^~'?)« Gt+ i-q,t+i be an affine chart centered at the origin such 
that if C Gt+i-q^t+i is the Grassmannian of t + 1 — g-dimensional subspaces that 
are contained in F, and A*^*^"^"'^^*-^^'^"*-' C A'-*"'"^"'^'''^ is the affine subset corresponding 
to the first (t + 1 — q){p + 1 — t) coordinates. The restriction of to A*^*^-'^"'')'^^^'^"*) 
is an affine chart for G^. Further, let (xi, . . . , a;(t+i_g)(p+5_t), ?/(t+i_g)(p+g_t)) 
be the real coordinates of A*^*+^^''^^^+'^~*\ and denote by dxi,---,d^ 



y(t + l-q)(p+q~t) 



or 



simply di, . . . , d2(t+i-q){p+q-t) the partial derivatives with respect to these coor- 
dinates, and for Ip = {ii, ■ ■ ■ ,i2{t+i-q){p+q-t) let d^^ be the differential operator 

f)h ff2(t + l-q)(p+q-t) 

^1 • • • ^2(t+ l-g)fa +g-t) ■ 

By Lemma [2.31 

D{F{W),Zf) = D^^^\F{W),Zf.P{F)) + cdegZ. 

Since, with these notations, for i = 2(t + 1 — q){p + q — t) + 1, . . . ,2(t + 1 — q)(t + 1) 
we have diDiZp, FiW)) = 0, it follows 



D^(^))^(P(Vr),Zp.P(F)) = log 



sup dp'' exp D{F{W), Zf.F{F)) 



s<S,\If[ 



sup exp{D{F{W),Zp) -cdegZ) 



'><s,\i\-- 



D''^{F{W),Zf) -cdegZ. 



5.6 Corollary In the situation of Proposition rO|. 

D^{Z,F{W)) < iDf^^YiZ.F{F),F{W)) + 0{{degZ + S)\og{SdegZ)), 

and 

(Df (^))^(Z.P(F), F{W)) < Dl{Z, 9) + 0((deg Z + S) \og{S deg Z)), 



Proof Follows immediately from proposition 15.31 and the previous Lemma. 

Proof of Theorem 15.11 In the Corollary, take q = t. 

Proof of Theorem II. 4[ Let F{F) be as in Theorem ISTTl Then, 

D\e, Z) < {D^^^^f{e, Z.F{F)) + 0((5deg Z) \og{S + deg Z)). 

Since 

degZ 

Z.F{F) =Y,z, 



i=l 
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with \zi,9\ < ■ ■ ■ < \zdegz, 0\ is zero-dimensional, by Proposition 14.61 

degZ 

(D^(^^f(e,Z.F{F))< J2 ^og\z^,9\ + 0{S\ogdegZ). 

i=S+l 

The two inequahties together imply 

dcg Z 

D^{e,Z)< J2 ^og\zi,9\+0{{S + degZ)log{SdegZ)). 

i=S+l 

Similarly, 

pp(F))3S(^^ Z.P(F)) < D^^{e,Z) +0{{S + degZ) \og{SdegZ), 

and 

dcgZ 

2 J2 log ^1 < iD^Y^^\0, Z.F{F)) + OiiS + deg Z) log(5 deg Z)), 

s+i 

imply 

degZ 

21og|;Zi,^| < + 0(degZlogdegZ). 

5+1 

6 Proof of the main Theorems 

6.1 Combinatorics of the intersection points 

Let Zq, Z\ be properly intersecting effective cycles of pure codimensions p and q 
in P*(C), and Zq^Zi their join. (See [Malj . section 6 for details.) Let further 
6 e P*(C) be a point not contained in the support of Zq.Zi, and P(Fo), P(-Fi) C P* 
projective subspaces of dimensions p, q such that P(-Fi) intersects Zi properly for 
i = 0,1. Denote 

deg Zi 

Z,.F{F,)=J24 with ki,^|<---<|4egz,,^l> J = 0,1, 
i=i 

and assume that the numbers 

\Zi,9\, . . . , l^degZo' ^1' kl' ^1' • • • ' kdegZi' ^1 

together with the numbers 

\z^i^zj,ie,e)\, z = l,...degZo, j = l,...,Z, 
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are pairwise distinct. 

Let next n for n G N denote the set {1, . . . , n} and define a path 
f = fe = ifo, fi) ■■ deg Zq + Zi degZp x deg Zi 

as in the introduction in the following way: f{k) = {fo{k),fi{k)) = (z/o,z/i), iff 
k = + Ui and there is a number t E [0, 1] such that 

e\ and \zl,9\<t<\zl^„9\. 

The maps /o and /i are surjective. Further for k G degZo + degZi, set ik = if 
fi{k) > fi{k - 1), hence 1 2;].^ 6* | < \z'}^(^f._^yi,6\, and ik = I otherwise. 
Recall that for x,y,9 E P*(C) the inequalities 

mm{\x,9\,\y,9\) < \x#y, {9,9)\ < max{\x,9\,\y,9\) (19) 

hold. f jMal] . Lemma 6.4) 

6.1 Lemma 

1. With the above notations, let K be a number such that either fo{K — 1) < 
degZo or fi{Ki) < degZi. Then, 

deg Zq deg Zi K deg Zi^ 

5^ 5^ log|(^,^),^°#zj|< J2 log|^,#|. 

i=l j=l fc=0«=/,Jfc)+l 

2. For every K < deg Zq + deg Zi, and (z/i, uq) = f\K), 

deg Xq deg Xi deg Zq 

J2 5^ log|(^,^),2°#4|<z/i 5^ log|^,^°| + ^o5^+l'^'^^Mog|^,4|. 

1=1 j = l fe=I/0 + l fc=I/i 

Proof 1. The equation 

deg Zo deg Zi K deg Z;^ 

£ 5^ log|(^,0),;^°#4l = 5^ E log|(^,^^),43)##| 

i=l i=l fc=l «=/,Jfc)+l 

is just a reordering of the sum. By ([ISD, and the fact - l^'^^'l following 

immediately from the definition of /, and ik-, the left hand side is less or equal 

K deg Zi^ 

k=i i=f,jk)+i 
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as was to be proved. 

2. Follows from 1, by taking on the right hand side only the first I'o + i^i ^ K 
summands in the first summation, and the last deg Zi^, — z/j^ summands in the second 
summation, which is possible since Ui^, > fi^{k). 

Let now S < deg Zq deg Zi, and M C {z^i^zj \i = 1, . . . , deg Zq, j = 1, . . . , deg Zi} 
be the subset with |M| = and \z,{9,9)\ < \z',{9,9)\ for every z e M,z' ^ M. 
Because by ( fT9l) . 

|x,^|<|x',^| and \y,9\<\y',9\, =^ \x4fy,(9,9)\ < \x'W,iO,0)\ 

the set M fuUfills the condition 

W,«'GdegZo, Vj,/gZi z<z'Aj<fA{t,j)^M^{t',f)^M; (20) 

consequently, there is a number ko < K such that /(A;o) = (i^O;J^i) ^ M, and 

t'o'^i < S. For any > fco also /o(A;) > z/q, > z^i, and /(fc) ^ M. Hence, 
if hs{k) denotes the number min{Z|z^~*^^^#2;j'' ^ M} — /j^,, we have /is(/c) = for 
k > kf). 

6.2 Lemma With the above notations, 
1. 

Y,^og\{9,9),z\<Y, E iogi^,^ri- 

fc=fco l=fif,{k)-hs(k)+l 

2. For any k > ko, and {uq, Vi) = f{k), 

deg Zq deg Zi 

J2^og\i9,9),z\<iu^-u,) J2 log|^,;^?| + (i^o-^o) 5^ log|^,;^,^|. 

3. With k, z/q, z/i as m ^, 

(i^o - ^^o)(^>i - ^^i) log \Zo + Z,, 9\ + J2 log l(^, 0),z\< 

deg Zq deg Zi 

(z7i-z/i) 2^ logie,^;?! + z7o-z/o) log 1^,^/1- 

'=^0+1 Z=i/i+l 

Proof 1. Since z^^zj ^ M implies i > i^o ot j > ui, the inequality 

K deg 

5^iog|(^,^),zi < Yl iog|(^,^),43)#z;i 

^^M fc=fco Z=/i^(/c)-/is(A:)+l 
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again follows from a renumbering of the sum. The inequality 

k=kol=fi^(k) k=ko fif.+i 

follows from f|T9l) as in the previous Lemma. 

2. Follows again from 1 by leaving out the first vi + vq — vi — vq in the first summation, 
and taking only the last deg Zi^ — v summands in the second summation. 

3. Define the sets 

^0 := {(^, j) e degZp X deg Zi \vq < i < Uq}, 
Ni ■■= G degZp x degZi |z/i <j< z/J. 

The set A^o H A^i has cardinality {uq — z^o)(^i — ^i)- Thus the first inequaltity of (fT9|l 
implies 

{iyo-iyo){i^i-i^i)\og\Zo + Z,,e\< Yl log|(^,^),^l 

^GAfonA^i 

for each z e NqH Ni 

Further, Nq fl A^^i is contained in the complement of M. Hence, by the second 
inequality of (fT9|) . 

{uo-iyo){i^i-'yi)log\Zo + Zi,e\+ J2 log|(^^,^^),^| < 

Adding the equality from part 2 of the Lemma proves the claim. 
6.2 Finish of proofs 

By Lemma 15.21 and Proposition 15.31 the P(-Fj) z = 0, 1 from the previous section 
may be chosen in such a way that they contain subspaces P(V^) of codimension 
t + 1 — codim Zj such that 

log|P(\/i),Zi| > -c-degZ„ 

hence 

Z^^(P(F,),Zi) > -0{{degZi + S){\ogdegZi + logS). 
for every S, and by Theorem 15.11 

degZo 

2 Y log|4^^| </^'^(^^,Zo) + 0((5 + degZo)log(5degZo)), 

j=S+l 
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dcg Z\ 

2 log|4,^^| </^=^^(^,^i)+0((^ + degZi)logdeg(5Zi)) (21) 
Further, we have 

deg Zo deg Zi 

i=i j=i 

and each of the z^^Zj is a one dimensional projective subspace of P^*"*"^. We denote 

deg Zq deg Zi 

(P(Fo)#P(Fi)).(Zo#Zi) = 5^ Zi, (22) 

i=l 

such that \{9,9),zi\ < ... < 1(6*, 6'), ZdegZodegZil- 
6.3 Proposition With the above notations, and K as in Lemma \6. 1\ 
1. 

deg Zq deg Zi K 

2 E E iogi(^^,^^),.°#4i <E^'^''^^'^"'''^'^^(^-'^)+ 

i=l j=l fc=0 

0(deg Zq deg Zi log(deg deg Zi)). 

2. With S, M, UojUi, ko as in Lemma \6. ^ 

K 

2 5^1og|(^,^),^| <Y,Df^<Z,K.d) + 

z^M k=ko 

0{deg Zq deg Zi log(deg Zq deg Z^)). 

3. For every k > ko, and (z/q, i^i) = f{k), 

2(v - vq){k - kq) log |Zo + ^2, + 2 ^ log 1(0, e),z\< 

(z7i - v^)D^' (0, Zq) + (z7i - v{)D-^ {9, Z{) + 0(deg deg Z^ log(deg deg Z,)). 
Proof 1. Bv Lemma 16. 111. 

deg Zo deg Zi if deg Z;^ 

2 E E ^og\{e, eizUz]\ < E E iogl^'#l' (23) 

1=1 j = l k=0 l=f,^{k)-hsik) + l 
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Now for each k, 

dog Zi^ 

2 Yl log|^>-^M < + cdegZ,,logdegZ,,, 

l=f^^,ik)-hs{k)+l 

by (pTI) . Since = for at most degZi values of k and ife = 1 for at most degZo 
values of /c, we have 

K 

^ deg Zi^ log deg < 2c deg deg Zi log(deg Zq deg Zi) . 

fc=0 

Hence, the left hand side of ( 123|) is less or equal 

K 

D-^'" '^'KZ,, ,0) + 2 deg Zo deg Z, log(deg Zq deg Zi) , 

k=l 

and the claim follows. 

2. Follows in exactly the same way as 1, this time using Lemma [6.2[ 1. 

3. Follows from Lemma [6. 21 3. 

6.4 Lemma Let P{V) C P(-F) be a subspace of codimension t — p + 1 such that 
\og\P{V), X\ > — clog deg X, andP{V') C P(F') a subspace of codimension t—q+\ 
such that log |P(\/')>y| > -c log deg F. Then, 

log|P(V)#P(\/'),X#r| > -clog(degXdegy). 

Proof Follows from the inequality 

f > min(|x, f I, |y, ti^l) 

from jMalj . Lemma 6.4. 

By this Lemma the pair P(Fo)7^P(Fi), Zo#Zi fuUfills the condition of Proposition 

6.5 Proposition With the above notaions from ( f^) . 

D^(0,Zo.Zi)+/^(Zo,Zi) < 

deg Zo deg Zi 

^ log 1(0, e),z,\+ 0((5 + deg Zo deg Zi) log(s deg Zo deg Zi). 
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Proof Firstly, by Proposition I4.6[ 

deg Zo dog Z\ 
i=S+l 

0(Slog(degZodegZi)). 

Next, together with the preceeding Lemma, the Propositions 15 ■4[ and 15.51 just as in 
the proof of Corollary 15.61 imply 

(D^(^))^((0,^),(Zo#Zi).P(A)) < D^((0,^),Zo#Zi)-D(P(A),(X#F)) + 

0((S + deg Zo deg Z^) log(5 deg Zo deg Z^)). 

Since (X#F).P(A)) = 5{X.Y) with 5 : P* ^ P(A) C p2*+^ the diagonal map, 

6), (Zo#Zi).P(A)) = D{e, X.Y) + log 2 deg Zo deg Zi, 

and consequently 

pp(A))S((^^ (X#F).P(A)) = D'i9, X.Y) + log 2 deg deg Z^. 
Similarly, 

D(P(A), X#F) = Y) + log 2 deg Zo deg Zi. 
The claim follows. 

Proof of Theorem 1 1.61 Follows from Proposition l6.3[ l together with Proposition 
1631 for S = 0. 

Proof of Corollary 11.71 Since fi^{k) < fi^{l) for k <l, we get 

D^^>'^''\Zi^,e) < Df^^^'\Zi^,e) = D''^{z,^,e), 

and the claim follows from Theorem 11.61 by cutting the sum on the left hand side at 
/. 

Proof of Corollary 11.81 Since in the path / in each step exacly one coordinate 
increase, there is a A; < S* such that either f{k) = (1, z/i) with ui < S or f{k) = (0, S). 
In the first case, by Corollary 11.71 

2D{Zo,Zi)+2D{Zo.Z,,e) <D^''^{Z,,e)+0{{S+degZodegZi)\og{SdegZodegZi), 
wich trivially is less or equal 

D3^(Zo, e) + 0{{S + deg Zo deg Z,) \og{S deg Zo deg Zi). 
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In the second case, by the same Corollary, 

2D(Zo,Zi)+2Z}(Zo.Zi,^^) <5D(Zo,^)+0((S + degZodegZi)log(SdegZodegZi). 

Proof of Theorem 11.91 Follows form the Propositions 16.31 and [631 

Proof of Corollary 11.101 Follows in the same way as Corollary 11.71 

Proof of Corollary 11.111 Let ko,ui,h'i be as abouve. We have uqUi < S = 
SqSi, and without loss of generality one may assume Sq > uq = foi^kQ). Let / > /cq 
be the smallest number such that /o(/) = 25*0, and (z/q, z^i) = /(/)• If i^i — t^i > Si 
then, by Corollary 11.101 with k = I, 

2D{Zo,Zi) + 2D'^{Zo.Zue) < (z/l - z/i)D^^°(Zo, ^) + 

0{{S + deg Zq deg Zi) \og{S deg Zq deg Zi) 



0{{S + deg Zo deg Z^) \og{S deg Zq deg Z^). 

If z^i — z^i < 5*1, and ui < 2Si, then ui < 3Si, hence 

2D{Zo,Zi) + 2D''{Zo.Zi,e) < (z/q - z/o)^''K^o, ^) + 

OiiS + deg Zo deg Z^) log(5 deg Zq deg Zi) 



< SoD^^''^{Zo,9) + 

OiiS + deg Zo deg Zi) log(5 deg Zq deg Zi), 

since t'o ~ '^o > 25*0 — Sq = Sq, also by Corollary 11.101 

Finally if vi — vi < Si, and vi > 2Si, then vi/2Sq > S, hence the complement of 
the set M from Lemma 16.21 is contained in the set 

{z^i^z^\z>Ui/2Aj>So}. 

This means that for z/i/2 < k < Vi and = the value hs{k) is less or equal 
fo{k) — Sq. Hence, by Theorem 11.91 1. with / < ko the smallest number such that 
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= U1/2EM and EH we get 
2D{Zo,Zi) + D^{Zo,Zi,e) < ^ D3(/,,-/.s(fc)){^, 



ko 



k=l+l 



OiiS + deg Zo deg Z,) log(^deg Zo deg Z,] 

k=ui/2+l 

0{{S + deg Zo deg Z^) log(5 deg deg Z,] 

< SiD'''^'{Zo,9) + 

0{{S + deg Zo deg Zi) log(5' deg Zq deg Zi) 



A Proof of Lemmas 14. 7L 14.81 and 14.9 



Proof or Lemma UTTl Firstly. 

/'"(o) = »!E E ■■■ E 



n n 



m 



ii=l i2=ii+l is=is-l+^ 



for every s < n. Since 11^=1 kjfcl ^ nfc=i \^k\ for every s-tupel 
qently, 



, . . . , Xjj, J conse 



1/^^^(0)1 < 



n\ 1/(0)1 n\ 



n 



^7 



(24) 



proving the second inequality. 

The first inequality will be proved for |xi| < \x2\ < ■ ■■ < \xn\, and follows for 
< ■ ■ ■ < \xn\ by continuity. 

Step 1: There are points 

Xii , . . . ^ X\yii X22 1 ■ ■ ■ 1 •^2ni ■ ■ ■ 1 2^n— In— 1 ) •^n—lni •^nn ^ [ ? l] ) 

such that 

< \xii\ < \xii+i\ < ■ ■■ < \xin\ < 1, sgn(xij) = sgn(xi_ij), Vi = 1, . . . ,n, 

< \xij\ < \xi-ij\ < 1, i = 2, . . . ,n, j = i, . . . ,n, 
f^'~^\xsj) = 0, s = l,...,n,j = s,...,n. 
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Proof The points are defined recursively. With the claims are fuUfiUed 

or empty. Assume the points Xss, ■ ■ ■ ,Xsn are defined. If sgnxsj = sgnx^j+i, since 
= f^^^~^\xsj+i) = 0, there is a point Xs+ij+i e {xsj,Xsj+i), if sgnxsj = 1, 
and Xs+ij+i G {xsj+i,Xsj) if sgnXsj = -1 such that f^^^Xs+ij+i) = 0. If sgnx^j 7^ 
Xsj+i, let k be the biggest number less than j such that sgnx^fe = sgaxsj+i, if 
there is no such number take instead of Xgk in the following step. Then there is 
a Xs+ij+i e ixsk,Xsj+i) if sgnxsk = 1, and Xs+ij+i E {xsj+i,Xsk) if sgnx^fc = -1 
such that f^^\xs+ij+i = 0. The so constructed points obviously fuUfiU the required 
conditions. 

Step 2: For every s with < s < n there is a point Xg € [—1, 1] with \xs\ < \xs\, 
and 

1 " 

\f^'\^s)\>- n l^^l>0- (25) 

i=s+l 

Proof The claim obviously holds for s = with xq = 0. Let y-i = Xj+ij+i for 
i = 1, . . . ,n with Xj+ij+i the points from step 1, and assume the claim holds for s. 
Then, by (125!) . and step 1, f^^\xs) 7^ 0, and = 0, we have Xg 7^ ys- By the 

mean value Theorem, there insinde the intervall between Xg, and ys, hence 

of absolute value at most max(|xs|, \ys\) < max(|xs|, = \xs+i\ such that 

\-^s Z/s I I'^s ys\ 2 \xs yg\ 

Since also \ys\ < ja^s+il, the inequality \xs — ys\ < 2|xs+i| holds, and consequently, 

1 TT" II 1 

i/"«'fe«)i > ^}-^Wr^ = ^ n 



n 

Xi 
i=s+2 



as was to be proved. 

Step 3: If Sn'^lx^l ^ |3;2s-i|; with Xg from step 2, then 



W \x,\ < r+\2s + 1) max,<,<3.|/(^')(0)|. 

i=s+l 

Proof By Taylor's formula, 

i=s ^ ^ i=3s+l ^ ' 

hence 

< (23 + 1) max,<,<3.|/(^')(0)| + (26) 



(i-s)! 
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n I n 2s 1 I i 1 

'n\ , ,i „ T-r , , n\ -i-r , , -r-r XJ -r-r 



Next, for i > 3s + 1, ([21]) implies 

i/'"(o)ii.,i-'<(^i..r n i-.i-^ n fei n ^ n 

Since < \xs\ < \xj\ for j > s + 1, and Xs < 3^|a;2s+i| < for j >2s + 1, 

the above is less or equal 



n i-.i ^ (^^^ n i-.i ^ y n 



Consequently, 

2^ (i-s)!'"''! - 11 I""'! 2- (i-sjiUJ -2.3' 11 

i=3s+l ^ ' j=s+l i=3s+l ^ / \ / j=s+l 

Together with (12^ . and (12^ . this implies 

^ n l^^l ^ + 1) max,<,<3.|/(^)(0)| + ^11 

s=l j=s+l 

hence 

1 " 

^ n l^^l ^ (2s + 1) max,<,<3.|/(-')(0)|, 

i=s+l 

and the claim follows. 
Step 4: For every s < s, 

2s n 



\Xj\ 



'x 



3\i 



i=2s— s+1 i=s+l 

n 



max 4(s + l)(3n3)^+i maxo<,<3s/^^'Ho), {Sn^f J] . (27) 



Proof The claim obviously holds for s = 0. Assume (l27j) holds for s < s — 1. If in 

(EZD, 

2s n 

n 1^*1 n 1^*1 ^ 4(" + l)(3^')'+' maxo<,-<3s/(-'')(0), 

i=2s— s+l i=s+l 

then 

2s n 2s n 

n i^^i n i^^i ^ i^2s-si j]^ i^ii i^ii < 

j=2s— s i=s+l i=2s— s+1 i=s+l 
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|x2._.-|4(s + l)(3n3)^+i maxo<,<3s/^^nO) < 4(s + l){3n^y+' maxo<,<3 J^^Ho)- 
If in m, 

2s n n 

i=2s— 5+1 j=s+l i=s— s+1 

then if 3n^|a;s_s| < |x2(s-5)-i|, step 3, with s — s instead of s imphes 

n 

n < 2^-^"+'(2(s -s) + l)max,_,<,<3(.„.-)|/^-'''(0)|, 



i=s—s+l 



hence. 



2s 



n n i^^i - \^2s-s\{^n^y n i^^i - 

i=2s—s i=s+l i=s—s+l 

{3n'yr-'+\2is -rs) + l)max,_,<,<3(._.-)|/(^)(0)| < 
{3ny+\2{s -s) + l)max,_,_i<,<3(._.--i)|/(^)(0)| < 
(3n^)^+^(2s + l)maxo<,<3.|/(^)(0)|, 

hence fl27|) for s + 1. 

If on the other hand 3n^|xs_s| > |x2s-g|, by fl27|) . either 

2s n n 

n 1^*1 n i^^i ^ (3n=^)'^' n i^^i' 

j=2s— s i=s+l i=s—s 

or 

2s n 2s n 



n 1^*1 n 1^*1 - n n i^^i - 



i=2s— s i=s+l i=2s— s+1 i=s+l 

2{s + 1)2(3^3)^+1 maxo<,<3s/(^nO), 

hence (127|) for s + 1. 

Step 5: Now, ((271) for s = s reads 

2s n / n 

n l^il n l^^l ^ 2(s + l){3ny+' maxo<,<3s/^''Ho), (371^)^ J] \xi 

i=s+l i=s+l \ i=l 

2(s + l)(3n3)^+i maxo<,<3s/^^'^(0), 
since 11^=1 ~ f^'^K^)- Hence, 

n 2s n 

n |a;il'<ni^*l n \x^\<2is + l){3ny+'m^iXo<j<3sf^'\0), 

i=s+l s+1 i=s+l 
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that is the first inequahty of the Lemma. 

Proof of Lemma 14.81 Define Xi := Lp~^{zi),i = 1, . . . ,n. Using 



a/1 + \Xi — xY 



i=l 

the inequahty 

n 

\{d'F){0)\ <n'l[\9,Zi\ (28) 

s+l 

is a straightforward calculation. 

Again, we may assume that \9,zi\ < ■ ■■ < \0,Zn\, and also that \9,Zi\ < 1, for 
i = 1, . . . , n i. e. the Zi are not at infinity with respect to 6. Hence, |xi| < ■ ■ ■ < 
and \xn\ < oo. 

Since there are only n points Xi, there exists a real line through the origin L C C* 
and a permutation vr G S„, such that with pr^ the projection of C* to L, and 

Vi = priixni), 

\yi\ < ■■■ < \yn\, \xi\ > ly^ril > — , 

n 

and consequently, 

\yi\ < n\y^i\ < n^lyil, \xi\ < n\x^i\ < n^\xi\. (29) 

Let d = di he the directional derivative in the dirction of L, and ij the point in 
P*(C) corresponding to yi. Then, with g{z) = YYi=i 1^; ^il; ^ = '^*9y s < n, 

i\dlGm\<nWlFm\. (30) 

To prove for s < n/3 that 



H \z„ 9\ < 2{s + I)(3n3)^+V-^ sup |97*(0)|, 

. , i<3s 

s+l - 

assume first that \9,Zs\ > Since Y[i=i = -^(0); assume 

n 

Y\\e,Zi\ <2s{3n^yn''-'+^ sup \{d^F){0)\. 

t. \I\<3is-l) 



and then 



n < v^TTl^'^^l < V2 2s(3n=^)'n"-^+^ sup \{d^F){0)\ < 

^=stl T=s \i\<Hs-i) 
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2(s + l)(3n=^)^+^n"-^ sup \{d^f){0)\. 

\I\<3s 

Thus, we may from now on assume that \9, Zs\ < l/\/2, hence < l^^l < 1. Then, 
with Xi := Xi if \9,Zi\ < l/V^, and Xi := Xi/\xi\ > \9,Zi\ Lemma ITTl imphes 

n 

n \xi\<{2s + i){3ny+' sup momi 

where G{x) = YYi=i Since \xi\ = Ci\9,Zi\, with Cj < 1 and \9,Zi\ < n\9,Zi\ for 
z = 1, . . . ,n, we have |(^^G)(0)| < 1(9^^(0) |. Further, [IL+i \0,M<n^ Uti 
hence 

n 

TT 1^, 2i I < (2s + 1) (372=^)^+^72" sup |(9iF)(0)|. 

i=s+l — — 

Since clearly supQ<j<3g \ {&lF){0)\ < supQ<|j|<3g |(9"^F)(0)|, the Lemma follows. 

Proof of Lemma I4.9[ By the definition of the Fubini-Study metric for any mul- 
tiindex, and any i = 1, . . . , n 

\d'^*{\9,p{w'm<i. 

The Lemma hence follows from the Leibniz rule. 
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